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ABSTRACT 


In this paper, we study biharmonic isometric immersions of a surface into 
and biharmonic Riemannian submersions from 3-dimensional Berger spheres. 
We obtain a classification of proper biharmonic isometric immersions of a 
surface with constant mean curvature into Berger 3-spheres. We also give 
a complete classification of proper biharmonic Hopf tori in Berger 3-sphere. 
For Riemannian submersions, we prove that a Riemannian submersion from 


Berger 3-spheres into a surface is biharmonic if and only if it is harmonic. 


1. INTRODUCTION AND PRELIMINARIES 


In this paper, we work in the category of smooth objects, so manifolds, maps, 
vector fields, etc, are assumed to be smooth unless it is stated otherwise. 


Recall a harmonic map ọ : (M, g) > (N, h) of a compact Riemannian manifold 
(M, g) into another Riemannian manifold (N,h) that if ylo is a critical point of 
the energy functional defined by 


1 
B(y,9)=5 flag? as. 


The Euler-Lagrange equation (see [2, 14]) is given by the vanishing of the tension 
field r(y) = Trace, Vdy, i.e., r(Y) = Trace Vdo = 0. 
In 1983, J. Eells and L. Lemaire [14] extended the notion of harmonic maps to 
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biharmonic maps which are critical points of the bienergy functional 


F(= f ods 


for every compact subset Q of M, where T(y) = Trace, Vdy is the tension field of 
yp. In 1986, G.Y. Jiang [17] first computed the first variation of the functional, and 
obtained that ọ is biharmonic if and only if its bitension field vanishes identically, 
i.e., 


7? (p) := Trace (V? V? — V2 u )r(p) — Trace, R” (dy, T(p))dọ = 0, 


where R is the curvature operator of (N, h) defined by 
RN(X,Y)Z = [V¥, VÝ]Z — Vīixy)Z. 


Naturally, any harmonic map is always biharmonic. 

A Riemannian submersion is called a biharmonic Riemannian submersion 
if the Riemannian submersion is a biharmonic map. Similarly, a submanifold 
is called a biharmonic submanifold if the isometric immersion that defines the 
submanifold is a biharmonic map. As is well known, an isometric immersion is 
harmonic if and only if it is minimal, and hence biharmonic submanifolds include 
minimal submanifolds as a subset. We use proper biharmonic maps (respec- 
tively, Riemannian submersion, isometric immersion, submanifold) to 
name those biharmonic maps (respectively, Riemannian submersion, isometric 
immersion, submanifold) which are not harmonic. 

Many recent works in the geometric study of biharmonic maps have been focused 
on the existence of a proper biharmonic map between two “good” model spaces. 
The so-called “good” model spaces include space forms, more general symmetric, 
homogeneous spaces, etc. It would be also important to classify all proper bihar- 
monic maps between two model spaces where the existence is known. We refer 
to two classification problems as follows 

Chen’s conjecture |12, 13, 11]: every biharmonic submanifold in a Euclidean 


space R” is minimal (i.e., harmonic) 

The generalized Chen’s conjecture: every biharmonic submanifold of a Rie- 
mannian manifold of non positive curvature must be harmonic (minimal) (see 
e.g., [4-13]). 

The Chen’s conjecture is still open for the general case, and some results for af- 
firmative answers to Chen’s conjecture were shown in [19, 7, 26, 28, 15]. For the 
generalized Chen’s conjecture, Ou and Tang ([27]) gave many counter examples 
in a Riemannian manifold of negative curvature. For some recent progress on 
biharmonic submanifolds, we refer the readers to [1], [4-13], [23-30], etc., and the 
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references therein. 


On the other hand, as it is well known that Riemannian submersions can be 
considered as the dual notion of isometric immersions (i.e., submanifolds), it is 
very interesting to study biharmonicity of Riemannian submersions between Rie- 
mannian manifolds. In 2002, Oniciuc [20] first studied biharmonic Riemannian 
submersions. In 2010, Wang and Ou [33] first used the so-called integrability data 
to study biharmonicity of a Riemannian submersion from a generic 3-manifold, 
they then used the main tool to derived a complete classification of biharmon- 
ic Riemannian submersions from a 3-dimensional space form into a surface. In 
a recent paper [1], Akyol and Ou studied biharmonicity of a general Riemann- 
ian submersion and obtained biharmonic equations for Riemannian submersions 
with one-dimensional fibers and Riemannian submersions with basic mean cur- 
vature vector fields of fibers. In particular, the authors of [1] used the so-called 
integrability data to study biharmonic Riemannian submersions from (n + 1)- 
dimensional spaces with one-dimensional fibers and obtained many examples of 
biharmonic Riemannian submersions. In [30], the author studied biharmonicity a 
more general setting of Riemannian submersions with a St fiber over a compact 
Riemannian manifold. In 2018, the authors in [16] studied generalized harmonic 
morphisms and obtained many examples of biharmonic Riemannian submersions 
which are maps between Riemannian manifolds that pull back local harmonic 
functions to local biharmonic functions. 


Finally, we refer an interested reader to the recent works [25] and [34] for com- 
plete classifications of constant mean curvature proper biharmonic surfaces in 
Thurston’s 3-dimensional geometries and in BCV 3-spaces, a complete classifica- 
tion of proper biharmonic Hopf cylinders BCV 3-spaces, complete classification of 
proper biharmonic Riemannian submersions from BCV 3-diemnsional spaces into 
a surface, and some constructions of examples of proper biharmonic Riemannian 
submersion from H? x R > R?, or, SL(2,R) > R?. 


In this paper, we will study biharmonic isometric immersions of a surface into 
and biharmonic Riemannian submersions from 3-dimensional Berger sphere SŽ. 
We show that an isometric immersion of a surface with constant mean curvature 
into Berger 3-sphere is proper biharmonc if and only if the surface is a part of 
S?(1/./2) in S? or a part of a Hopf torus in 93 whose base curve is a circle with 
radius r = 1/v8 — 4e? in the base sphere S?(4). We also give a complete clas- 
sification of proper biharmonic Hopf tori in a Berger 3-sphere. For Riemannian 
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submersions, we prove that a Riemannian submersion from a Berger 3-sphere into 
a surface is biharmonic if and only if it is harmonic. 


2. BIHARMONIC ISOMETRIC IMMERSIONS OF A SURFACE WITH CONSTANT 
MEAN CURVATURE INTO BERGER 3-SPHERE S3 


Biharmonic surfaces in 3-dimensional space forms have been completely classi- 
fied in [18], [11], [9], [10]), and also biharmonic constant mean curvature surfaces 
in 3-dimensional BCV spaces and Sol space have been completely classified ({25]). 
In this section, we obtain a complete classification of isometric immersions of a 
surface with constant mean curvature into a Berger 3-sphere S3. We also derive 
a complete classification of proper biharmonic Hopf cylinders in a Berger 3-sphere. 


Let us recall the definition of the so-called 3-dimensional Berger sphere (see 
e.g., [4]). Consider the Hopf map w : S3(1) + S?(4) given by 


p(z! £’, 23, x4) = (2x1 + 20?x*, 22223 — 2x14, (11)? + (x?)? — (23)? — (2*)?), 
or 
(2) b(z,w) = 3(2ew, |z|? — |w|?), 


where z = g! + ia”, w = g? + izt and S?(5) denotes a 2-sphere with radius 


Oo yie 


(i.e., constant Gauss curvature 4 ). It is not difficult to see that the map ~ is 
Riemannian submersion with totally geodesic fibers 7~'(q(z, w)) which are the 
great circle passing through (z, w) and (iz, iw). 

With respect to the Hopf fibration, the following deformation of the standard 
metric g on S? gives a family of metric on the sphere: 


(3) Jelr4 53x74 93 = 9|74 53x74 53; Jerv 93x TV s3 = E79, JelTHg3xTV 33 =0, 
where TY S? and T” S? denote respectively the vertical and the horizontal spaces 
determined by 7. We call a sphere a Berger 3-sphere if the sphere S? endowed 
with the metric ge. A Berger 3-sphere is denoted by SŽ, i.e., S3 = (S°, ge), where 
e #0. Suppose x € $°, we have the following facts: 
(i) the vector fields 
(4) Xi(z) = (7, g, —zt, r); X2(x) z (=, —2°, cae t) 

X(x) = (=e; a T =z’) 
parallelize S°, 
(ii) X; is tangent to the fibres of the Hopf map (i.e. dy (X1) = 0), and 
(iii) X2 and X; are horizontal, but not basic. 
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From (3) we have a global orthonormal frame field 
(5) {Fy = Xo, Ey = X3, Ez =e 1X1} 
on SÈ. 
We adopt the following notation and sign convention for Riemannian curvature 
operator: 
(6) R(X, Y)Z = VxVyZ — VyVxZ — VixyZ, 


and the Riemannian and the Ricci curvatures: 
R(X, Y, Z,W) = g(R(Z,W)Y, X), 
3 


7 3 
(7) Ric(X, Y) = TraceR = YAY e:i, X, ei) = So Ae en Y). 
i=1 i=1 
With respect to the frame, a straightforward computation shows that 
2 2 
(8) [F1, E2] = 2e Es, | E2, E3] = ma [E3, Ey] _ abe 


The Levi-Civita connection of the metric g has the expression as 


Ve,£,=0, Vem E =¢eF3, Vp E3 = eE, 
(9) Vm Ei = —e E3, Vm Eo = 0, Vm E3 = eki, 
Va, = =i, Ypi = —-=E\, Vasl. 


E E 


A further computation (see also [4]) gives the possible nonzero components of 
the curvatures: 
Rie212 = g(R(E, E>) E», E) =4— 3er, 
(10) Rızı3 = g(R(En, E3) Es, E1) = R323 = g(R(Ez, E3) E3, E2) = €°, 
all other Rijki = g(R(Ex, F) Ej, Ej) = 0, 1,9; k,l = 1, 2, 3. 
and the Ricci curvature: 
Ric (E, E) = Ric (E, E») =4— Qe, 


an) Ric (£3, £3) = 22°, all other Ric (E;, £;) = 0, i Æ j. 


Remark 1. From (i), (ii), (iii), (5), (8) and (9), we would like to point out the 
following: 

(a): The map Y : S3 > S?(3), H(z, w) = 4(2zw, |z|? — |w|?), where z = xt + iz?, 
w = z? + izt, is a Riemannian submersion with totally geodesic from a Berger 
3-sphere S? to a 2-sphere S (4) with constant Gauss curvature 4, i.e., the Rie- 
mannian submersion is harmonic. 

(b): {E1 = Xo, E2 = X3, Ez = e7! Xı} is an orthonormal frame on S3 with Es 
being vertical. 
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(c): {E1 = Xo, E2 = X3} is horizontal, but not basic. 


We will use the following equation for biharmonic hypersurfaces in a generic 
Riemannian manifold. 


Theorem 2.1. ({24]) Let p : M” —> N™*! be an isometric immersion of 
codimension-one with mean curvature vector n = HE. Then vy is biharmonic if 
and only if: 


(12) AH — H|A|? + HRic™ (£, £) = 0, 

2A (grad H) + “grad H? — 2 H (Ric™ (€))' = 0, 
where Ric™ : T,N — T,N denotes the Ricci operator of the ambient space 
defined by (Ric (Z),W) = Ric’ (Z,W) and A is the shape operator of the hy- 
persurface with respect to the unit normal vector £. 


We now study biharmonic constant mean curvature (CMC) surfaces in a 3- 
dimensional Berger sphere S2. 


Theorem 2.2. A constant mean curvature surface in 3-dimensional Berger spheres 
SÈ is proper biharmonic if and only if it is a part of: 

(i) $2(1/./2) in $3, or 

(ii) a Hopf torus in SÌ, i.e., the inverse image of the Hopf fibration of a circle of 
radius r = Wee with €? < 1 in the base sphere S?(5). 


3 3 3 
Proof. Let {ey = lai E; eo = X aE; € = >> a E;} be an orthonormal 
i=l i=l i=l 
frame on S? adapted to the surface with € being normal. We then use the 
Ricci curvature (11) to have Ric (€, £) = 4 — 2e? + (4e? — 4)(a3)?, (Ric (€))' = 
(4c? — 4)afaze, + (4e? — 4)a3a3ey. From these and the biharmonic surface (12), 
we conlude that a surface with constant mean curvature H is biharmonic if and 
only if 
=H [JAP — (4 — 2”) = (4e? — 4)(a3)"] = 0, 
(13) (4e? — Daiagt = =0, 
which has solution H = 0 implying that the surface is harmonic (minimal), or 


JAI? — (4 — 26) — (de? — 4)(a3)? =0, 
(14) (4c? — 4)a3a3 = 0, 
(42? — 4)a3a3 = 0. 
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We solve (14) by considering the following cases: 

Case I: 42? — 4 = 0. In this case, we have |A|? = 2 and the corresponding Berger 
sphere S is a standard 3-dimensional sphere S°. It follows from [9] [10] that the 
only proper biharmonic surface in a 3-dimensional sphere 9° is a part of $?(1/V2) 
in S°. 

Case II: 4c? — 4 Æ 0. In this case, by the last two equations of (14), we have 
either a3 = 0 or a? = a3 = 0. 

For Case II-A: a3 = 0, using the first equation of (14) we have 


(15) |A|? = 4 — 22. 


Noting that a} = 0 implies that the normal vector field of the surface © is 
always orthogonal to Es = e~'X, so we can choose an another orthonormal 
frame {e; = aEı + bEo,e2 = E3,€ = bE, — aE} adapted to the surface with 
a? +b? = 1 and € being the unit normal vector filed. We use (9) to compute 


(16) Ve€ = {ae1(b) = beı(a)}e — €€9, Ve€é = («cea = be2(a) + 2 < ) ey. 


With respect to the chosen adapted orthonormal frame, by a further computation, 
the second fundamental form of the surface X given by 


(17) 
h(e1, €1) = —(Ve,€, e1) = —ae (b) + be; (a), h(e1, e2) = —(Ve,€, €2) = €, 
h(eə, e1) = = (V e£, e1) = —ae(b) Eg be2(a) a a, h(e2, e2) = AV eS) e2) =0. 


By (16) and (17), we have 
(18) Vee = —{ae1(b) — be (a) } = 2HE, Ve = —2He, — Eez, Vejez = EÈ. 
It follows from (17), the symmetry h(e1,€2) = h(es,e,), and 0 = ez(a? + b?) = 
2ae>(a) + 2be2(b) that e2(a) = 2b, e2(b) = —2a. 
Denoting by a; = € = bki — aE, aq = e, = aE, + bE», and a3 = eg = E3, a 
straightforward computation using (8) and (18) gives 
(19) 

lai, a3] = 0, [a2,a3] = 0, [a1, a2] = (bay (a) — aa (b)) ay + 2Hae + 2ea3. 
By Remark 1, the map w : S3 + S?(5) 
w(x, 27,0, 24) = $(2a1a3 + 22x4, 20223 — Qxta4, (£1)? + (27)? — (23)? — (x*)?), 
or 

p(z, w) = $(2zw, |z|? = |w|?), 

is a Riemannian submersion with totally geodesic fibers with an orthonoromal 


frame {F1, E2, a3 = E3} on SÌ with Es being vertical, where z = x! +iz?, w = 
x? + izt. 
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An interesting thing is that, By (19), one see that the orthonormal frame 
{e1, €2,€} adapted to the cme surface happens to be an orthonormal frame {a; = 
E = bE, — ako, a2 = e1 = aE, + bE2, a3 = e2 = E3} adapted to the Riemmanian 
submersion Y. The tangent vector field of the surface e2 = Es also implies that the 
surface contains all the fibers of y which intersect the surface. Thus, locally, the 
surface is formed by the fibers of w that pass through every point on an integral 
curve of €; = @ which is horizontal and basic to the Riemannian submersion w. 
It follows that the cmc surface is actually a Hopf torus, i.e., the inverse image of 
a curve on base sphere of the Hopf fibration. 

More precisely, we can determine the torus as follows. 

Let y : I + $3, y = 7(s), be an integral curve along the basic vector field 
Q2 = ey = aE, + bE» on the surface X with arclength parameter, then it is 
horizontal with respect to the Riemannian submersion 7. Let 8(s) = w(y(s)) 
be the curve in the base space of the Riemannian submersion, then the surface 
X can be viewed as E = Usezt~! (8(s)), a Hopf torus over the curve 3(s) C S?(5). 


Noting also that a, = € = bE, — a E2, a2 = e1 = ak + bEo, a3 = eg = E3, then 
(18) turns into 


Va202 = 2Ha = kga, Vad = —2H ag — €03 = —kgag + T903, 
Vas03 = EQ] = Tg, 


(20) 


which is the Frenet formula of the curve y = 7(s) (see also [[32], Example 3.4.1], 
and means that k, is the geodesic curvature of the base curve, T, is the geodesic 
torsion of 7(s). It follows from Eqs. (17) and (20) that 


(21) |A|? = k? +°, H = k,/2. 
Comparing (15) and (21)) we get 
kesise 0, H?=1-2? 50. 


Since the curve in the base sphere S?($) has constant geodesic curvature and 
hence kg = 2/1 —e?, one can check that this curve, considered as a curve in 
Euclidean 3-space of which S?(5) is a subset, has curvature k = kZ t kZ = 
24/2 — £? and torsion T = =e = 0. Combining this, we find the base curve of 
the Hopf cylinder to be a circle on S?($) with radius r = 


1 
2V 2—2 
For Case II-B: a? = a3 = 0 and a3 = +1. It follows, in this case, Span{e1, e2} = 


Span{ E1, E2}. This implies the distribution determined by { £1, E2} is integrable 
and hence (by Frobenius theorem) is involutive. This leads to € = 0 by (8), a 
contradiction. 

Summarizing all results proved above we obtain the theorem. 
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Theorem 2.3. Let y : S3 + PG), W(z,w) = $(2zw,|z|? — |w|?) be the Hopf 
fibration, and B: I > S? (4) be an immersed regular curve parameterized by arc 
length. Then the Hopf torus © = Userw'(8(s)) is a proper biharmonic surface 
in a Berger 3-sphere SÌ if and only if it is the curve (s) on the base sphere S? (4) 
is circle of radius r = eee with €? < 1. 


Proof. Let 6 : I > S? (3) be an immersed regular curve parameterized by arc 
length with the geodesic curvature k,. It follows from a result in [24] that we 
can take the horizontal lifts of the tangent and the principal normal vectors of 
the curve 8: X = aE, + bE, and € = bE — aE, (where a? + b? = 1) together 
with V = E; to be an adapted orthonormal frame of the Hopf cylinder. A direct 
computation using (11) gives: 


(22) Ric (£, £) =4= 22", Ric (£, X) = Ric (£, V) = 0. 
We can check that the the geodesic torsion of the lifting curve w~1(6(s)) 
(23) Tg = —(V xV, E) = — (Vabi 40E: E3, bE, — ay) = —e. 


It follows from Eq. (16) in [24] that the surface X` in S3 is biharmonic if and 
only if 
ky — kg(k? + 272) + kRic(£, €) = 0, 
3k! ky — 2kRic(£, X) = 0, 
k Tg + kRic(€,V) = 0. 
Substituting (22) and (23) into the above equation, we get 
(24) ki — ky (kg — (4 — 42°)) = 0, 3k kg = 0 and — ek, = 0. 


We solve (24)to have k, = 0, which means that the surface X is minimal surface, 
or 8 has constant geodesic curvature k? = 4 — 42? > 0. It is easy to see from 
[24] (Page 229) that the mean curvature of the Hopf cylinder is given by H = a 
and |A|? = k? + 27% = 4 — 2e? = constant. From these we deduce that the Hopf 


cylinder © = Use;~'(8(s)) is proper biharmonic if and only if 
(25) H? =1-2250, |A|? =4—222>0. 


We apply the characterizations of Hopf cylinders in S? given in Theorem 2.2 to 
obtain the Theorem. 


Corollary 2.4. A totally umbilical surface in a Berger 3-sphere SÌ is proper 
biharmonic if and only if it is a part of S?(1//2) in Sè. 
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Proof. It follows from a result in [25] that a totally umbilical biharmonic surface 
in 3-dimensional Riemannian manifolds must have constant mean curvature H. 
This, together with Theorem 2.2, implies that the only potential totally umbilical 
proper biharmonic surface is a part of $?(1//2) in S°. 


Since £? = 1, we see that a potential Berger 3-sphere $3 has to be 3-sphere 9°. 
Applying Corollary 2.4, we get 


Corollary 2.5. A totally umbilical surface in a Berger 3-sphere S3 with €? £1 
is biharmonic if and only if it is minimal. 


3. BIHARMONIC RIEMANNIAN SUBMERSIONS FROM A BERGER 3-SPHERE S? 


As Riemannian submersions can be considered as the dual notion of isometric 
immersions, it would be interesting to study biharmonic Riemannian submersion- 
s. Inarecent paper [34], the authors classified all proper Riemannian submersions 
from BCV 3-diemnsional spaces into a surface, and proved that a proper bihar- 
monic Riemannian submersion from a BCV 3-diemnsional space exists only in 
H? x R > R’, or, SL(2, R) > R? of which some examples were given. In this 
section, we give a complete classification of biharmonic Riemannian submersions 


from a Berger 3-sphere into a surface. 


Let 7 : S + (N?,h) be a Riemannian submersion from Berger 3-sphere S? 
with an orthonormal frame {e1, €2, e3} and ez being vertical. Then, we have the 
following (26)-(32)(see [34] for details) 

(26) 
[e1, €3] = f3€2 + K163, [€2, €3] = — f3€1 + K2e3, [€1, €2] = fier + foes — 20€3, 


where {f1, fo, fg, Kı, K2, 7} is the (generalized) integrability data of the Rie- 
mannian submersion 7. The frame {e1, e2, e3} is adapted to Riemannian sub- 
mersion if and only if fẹ = 0 holds, and hence { fi, f2, K1, K2, o} is called the 
integrability data of the adapted frame of the Riemannian submersion 7. 

The Levi-Civita connection for the frame {e1, €2, e3} given by 


(27) 
Vari = — fies, Ve e2 = fie, — 0€3, Ve e3 = 0€2, 
Ves€1 = — f2€2 toes, Ves€2 = fren. Vents = —0€, 


Vez€1 = —K1e3 + (o — f3)e2, Veg€2 = — (0 — f3)e1 — Koes, Veg€3 = K1€1 + K2€2, 
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the Jacobi identities as 


e3(fi) + (Ki + fo) fs — e1(f3) = 0, 
(28) e3( fo) + (k2 — fi) fs — ea(fs) = 0, 
2e3(0) + Ki fi + Kafe + €2(K1) — e1 (%2) = 0, 


= 
and if denoting by e; = >> œ Ej, i = 1,2,3, using (9), (10) and (27), then we 


j=1 
have 
(29) 
R™ (e1, e3, €1,€2) = —61 (0) + 2k10 = —a3a3R, 
R™ (e1, €3, €1,63) = €1(K1) +0? — K? + kofi = (aP R + 2°, 
RM (e1, €3, €2, €3) = €1(K2) — €3(0) — Kı fı — Kik2 = —a}a3R, 
R™ (e1, €2, €1, €2) = e1( f2) — ea( fi) — ff — f2 + 2fs0 — 307 = (a3)? R + 2°, 
R™ (e1, €2, €2, €3) = —€2(0) + 2K20 = afa3R, 
R™ (e2, €3, €1, €3) = €2(K1) + €3(0) + Ko f2 — Kiko = —a3a3R, 
R™ (ev, e3, €2,€3) = o? + e2(K2) — Kı f2 — K = (aĵ) R +e’, 


where R = 4 — 42°. 
Gauss curvature of the base space is given by 


(30) KN =e (f2) — ea(fi) — f? — I2 + 2fao- 
Clearly, 
> (31) E E PF E 


when f = 0, then Gauss curvature of the base space turns into 


(32) K™ =a) — eo(fi) — f2 — fe. 


We state biharmonic equation for Riemannian submersion from 3-manifolds 
which will be later used in the rest of this paper. 


Lemma 3.1. ((33]) Let n : (M?,g) > (N?,h) be a Riemannian submersion 
with the adapted frame {e1, e2, e3} and the integrability data { fi, fo, K1, K2, O}. 
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Then, the Riemannian submersion m is biharmonic if and only if 
(33) 
2 2 2 
-A"k — 297 heal) — Ke DO (efi) — wife) + 1 (-x* +23 R) =0, 
i=1 i=1 i=1 
2 2 2 
-A"k +297 fiei(k1) + r1 D leil fi) — kifi) + k2 (-x” +A i = 0, 
i=l i=l i=1 
where KN = RN ioon = €1(fo)—e2(fi:) -—f7—f2 is Gauss curvature of Riemannian 
manifold (N?,h). 


Proposition 3.2. (see [34]) Let n : (M?,g) — (N?,h) be a Riemannian sub- 
mersion from 3-manifolds with an orthonormal frame {e1,€2,e3} and e3 being 
vertical. If Ve,e1 = 0, then either V.,e2 = 0; or, Ve,e2 Æ 0, and the frame 
{e1, €2,e3} is adapted to the Riemannian submersion r. 


We use Proposition 3.2 to prove the following important consequence which is 
used proving our main theorem 


Theorem 3.3. Let 7: S3 — (N?,h) be a Riemannian submersion from Berger 
3-sphere with R = 4—4e? 40. Then, we can choose an adapted frame is of the 
form {e, = aj E, + a? E», ez, e3} to the Riemannian submersion m with ez being 
vertical. Moreover, if E3 is not vertical, then Ve,e2 £0, i.e., fo #0. 


Proof. It is observed that if the vertical vector field E3 is tangent to the fiber 
of the Riemannian submersion 7, then any basic vector field is of the form 
e = @°Eı +h Es, and a? +b? = 1. 


From this time now, we just need to suppose that the vertical vector field e3 
is not parallel to E3. Then, the vector filed e; = e3 x Es is horizontal and hence 
(e1, E3} = 0. From this, a defined orthonormal frame {e;, e2 = €3 X e1, e3} on M? 


is obtained. If denoting by e; = 3 al E; i = 1,2,3, together with (e1, £3) = 0, 
then the vector horizontal filed a is of the form e} = alE; + a? E, and hence 
(at)? + (a7)? = 1. From these, we have the following 

(34) ae = 0, aio +1 and a8 Æ 0. 

Moreover, one can also get the following equalities as 

(35) fr = 0, Veer =0. 


Indeed, we compute 


(36) Veer = Va (X a Ei) = Di ei(a)Ei + D7 aja, Ve, E 
i=1 i=l 


ij=1 
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In addition, one uses (27) to see that the above has another expression as 


3 
(37) Ve Ci = — fiez = -fi ` a, E;. 
i=1 
We equate (36) and (37) and compare the coefficient of £3 to obatin 


3 . 
—fias = (fı X a, Ei, E3) = (Veer, E3) 
(38) nr ae 
= (3 e1(aj)E:+ Do ajai V g Ei, E3) = e1(aj) = 0, 
i=l ijl 
which has been used (9) and a? = 0. This follows fı = 0 for a3 4 0, from which 
we get (35). 


Using (9), (27) and a}? = fı = 0, a further calculation analogous to those used 
computing (36)-(38) yields 


e1(a3) = —(0 + €)a3, 
e1(a3) = (0 + €)a3, 
€2(a3) = 0, 

(39) e2(a3) = 0, 
e3(a3) = —K2a3, 
e€3(a3) = K203, 


foas = (0 + €)a3. 

Since Vee = 0, one concludes from Proposition 3.2 to have either V.,e2 Æ 0, 
and the frame {e1, €2,e3} is an adapted to the Riemannian submersion 7, or 
Ve.€2 = 0. Now, we just need to consider the latter case V.,e2 = 0, i.e., fo = 0. 
Combining these, one has the following 
(40) a? = fı = f2 = 0, aè # +1 and a3 Æ 0. 


We now show that the above case (i.e., a? = fı = fo = 0, ag A +1, a3 40) 
can not happen by considering the following two cases: 


Case I: a3 = 0 and a} = fı = fz = 0. One shows that the case can not happen. 


In this case, since a} = 0, we have a3 = +1. We substitute a3 = +1 and 
a3 = 0 into the 2nd equation of (39) separately to obtain o = —e and hence 


14 ZE-PING WANG* AND YE-LIN OU** 


fs =o —€ = —2e. Substituting these and fı = fo = 0 into the Ist and the 2nd 
equation of (28), we get kı = Kg = 0. From these and using the 2nd equation of 
(29), we get a3 = 0, a contradiction. 


Case II: a3 Æ 0, +1, a3 4 0,+1 and a? = fı = f2 = 0. We will show that the 
case can not happen, either. 
In this case, substituting f = 0 into the 8th equation of (39), we obtain o = —e. 
Then, we apply the 5th equation of (29), the 1st and the 2nd equation of (39) 
separately to obtain Ky = 0, e:(a3) = e1 (a3) = 0, and hence e3(a3) = e3(a3) = 0 
by using the 5th and the 6th equation of (39). Combing these and using the 3rd 
equation and the 4th equation of (39), we find a3,a3 to be constants. On the 
other hand, we must have «kı 4 0. If otherwise, i.e., kı = 0, we then substitute 


a? = 0 = kı = kp = 0 and o = —e into the 2nd equation of (29) to a3 = 0 and 
hence a3 = +1, a contradiction. Therefore, combining these and using the 1st 
and the 4th equation of (29), we deduce «, and f3 being constants. Substituting 
this and fı = f2 = 0 into the 1st equation of the Jacobi identities (28), we deduce 
0 = e:(f3) = Ki f3 meaning f3 = 0. However, using the 4th equation of (29), 
o = —£ #0 and fı = fo = fs = 0, one finds (a3)? = a = Ean implying 
4e? — 4 > 0 and hence (a3)? > 1, a contradiction. 

Combining Case I and Case II, the case a? = fı = fo = 0 and a3 4 +1 can not 
happen. 

Summarizing all results, we obtain the theorem. 


Remark 2. Let 7 : S3 — (N?,h) be a Riemannian submersion from a Berger 
3-sphere with e3 being vertical. Then, we can conclude the following facts: 


(a): If R = 4—4e? = 0, then the Berger 3-sphere is a standard sphere 9°. 
It is a fact from Theorem 3.3 in [33] that biharmonic Riemannian submersion 
m : S? — (N?,h) has to be harmonic. Actually, the biharmonic Riemannian 
submersion can be expressed as the Riemannian submersion m : S? — S$?(5), 
p(z, w) = $(2zw, |z|?—|w|?), where z = xt +iz?, w = x? +iz*, up to equivalence. 


(b): If a3 = +1, i.e., the vertical vector field e3 is parallel to E3, then it is not 
difficult to see from (9) that the tension of the Riemannian submersion T(7) = 
—dn(V ii, Es) = 0, i.e., m is harmonic. Moreover, the biharmonic Riemannian 
submersion can be represented as the Riemannian submersion m : S3 — S?(3), 
w(z,w) = 4(2zw, |z|?—|w|?), where z = xt +ix?, w = x3 +ixt, up to equivalence. 
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Remark 3. Let m : S3 — (N?,h) be a Riemannian submersion from a Berger 
3-sphere with e3 being vertical. If Es is not vertical (i.e., a3 # +1) and R = 
4—42? Æ 0, then it follows from Theorem 3.3 that there exists such an orthonormal 
frame {e, = al E; + aî? E2, e€2,e3} adapted to the Riemannian submersion 7, and 
a} = fı = fs = 0, f2 0 and a Æ 0. 


Now, we will prove our main results as follows 


Theorem 3.4. A Riemannian submersion m : S? > (N?,h) from a Berger 3- 
sphere to a surface is biharmonic if and only if it is harmonic. 


3 
Proof. Let V denote the Levi-Civita connection on S? and by e; = >> al Ej, i = 
j=l 


1,2,3. To obtain the theorem, by Remark 2, we just need to consider the case 
R = 4— 42° 40 and a} # +1. Therefore, by Theorem 3.3 and Remark 3, we can 
take an adapted frame as the form {e,; = al £,+a7E», e2, e3} to the Riemannian 
submersion 7 with e3 being vertical, and together with a result in [33], we have 


(41) a3, a3 #0, +1, ay = fi = fs =0, e3(fi) = e3(fo) = 0, f2 4 0. 


We will show that the above case can not happen by the following two steps: 
Step 1: Show that eo(fo) = e2(K1) = e3(K1) = e2(0) = e3(0) = k2 = 0, kı Æ 
0, and o £0, e. 


Firstly, show that o 4 0. Clearly, if ø = 0, we use the Ist equation of (29) to 
have a3a3 = 0 contradicting (41). This leads to o Æ 0. 


Secondly, show that k2 = e2(k1) = e2(0) = e3(0) = 0. 
A straightforward calculation using the 5th , the 6th equation of (39), (31) and 
(41) and applying e3 to both sides of the 4th equation of (29) and the 8th equation 
of (39) separately, we get 


(42) e3(0) = — zo K203a3R, 
and 
(43) — fok2a3 = e3(0)a3 + (o +€)K2a3. 


We substitute (42) into (43) and simplify the resulting equation to obtain 
(44) Ky (3 faoa} — a3(a3)°R + 30(0 + €)a3) = 0, 
which means kK = 0, or, 


45 3 fooas — a$ (a3)? R + 30 (0 + €)az = 0. 
3 — 45(43 2 
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Together with (41), substituting the 8th equation of (39) into the above equation 
and simplifying the resulting equation, we have 


(46) 3a(0 + £) = (a3a3)’ R. 
Noting that f3 = 0, we rewritten the 8th equation of (39) as 
(47) K1a3 = (o — €)a3. 


Using the 3rd, the 4th equation of (39) and (41) and applying ez to both sides 
of the above equation gives 


(48) 3(20 + €E)eo(o) = 0. 
This implies e2(0) = 0. 


From these and using the 5th equation of (29) and (42), we have k2 = 0 and 
hence e3(0) = €2(K1) = 0. 


Thirdly, show that e2( f2) = e3(K1) = 0. 


Using the 3rd equation of (39), (41) and applying e2 to both sides of the 2nd 
equation of (29) and the 8th equation of (39) separately, together with e9(K;) = 
€o(0) = 0, we get 


(49) €2€1(K1) = 0, €2( f2) = 0. 
From these, we get e€,€2(K,) — e2€1(K1) = 0, which, together with e,e2(K,) — 
€9€1(K1) = [e1, €2|(K1) = —20e3(K1), implies e3(K,) = 0. 


Finally, show that o 4 +e and Kk; Æ 0. 
Using (41) and K2 = 0, the 7th equation of (29) becomes 
(50) kif = a? = e2. 


Since f # 0, one sees from (50) that o = +e is equivalent to xı = 0. Obviously, 
if o = +e and hence k = 0, by the 2nd equation of (29) and (41), one sees R = 0, 
a contradiction. Therefore, we get o £ +e and «Kı Æ 0. 


Step 2: show that o = —e, a contradiction. 
For fi = k2 = 0 and KN = e;(fe) — f2, it is easy to deduce that biharmnic 
equation (33) reduces to 


(51) Akı — K1{-e1( fo) + 2f2} = 0. 
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Together with (41), using the 1st equation of (39) and applying e; to both sides 
of the 2nd equation of (29) and (50) separately, we obtain 


(52) fae = 2K1e1(K1) — 20e1(0) — 2(0 + €)aza3R, 


K1€1( f2) + foer(K1) = 20€\(0). 


We substitute the 1st, the 2nd equation of (29), the 8th equation of (39), (52), 
the results of Step 1 into biharmnic equation (51), together with fı = k = 0 
and (41), to have 


53 KÌ — 3k? fo + k1 (a3)? R — 4(o + c)azadR = 0. 
1 1 2 3 


Multiplying a3 to both sides of the above equation and using the fact that K1a3 = 
(o —e€)a3, Ki fg = 0? — ° and (a3)? + (a3)? = 1 and simplifying the resulting 
equation we get 


(54) Ky = EE R(a3)? + 30? — 3c? — R. 


We substitute «,a3 = (o —e)a3 into the above equation and simplify the resulting 


equation to obtain 
(55) Sots R(as)* + (40? — 20e — 2e? + R)(a3)? — (o — £) = 0. 


Applying e; to both sides of (54) and using the 1st equation and the 2nd equation 
of (29) to simplify the resulting equation we have 
(56) 


KÌ = K1 (70? — £°) — Ky (a3)? R — Tarsa (03)? — jek a3 (a3)? + OetsVor) Raia’ + 3ca3a3R. 


We multiply a3 to both sides of the above equation and use the fact that K,a3 = 
(o — c)a3 and (a3)? + (a3)? = 1 and simplify the resulting equation to get 


(57) ny = ela + CREA (a8)? + 70? — e? — R. 


Comparing (54) with the above equation and simplifying the resulting equation 
we have 


(58) — fs (ah) + SSO ag)? + 2(20? + e?) = 0. 


(o-e)? 
Eq.(58) multiplied by (50 + 3¢)(o — £)? minus Eq. (55) multiplied by (—4e R), a 
straightforward computation yields 


50 + Be) (40? — 30€ + Te" + 4el40o? — 20E — 22? + R)) Ra?) 
3 


(59) = 2(0 — £)? (—(50 + 32)(202 + €2) + 2R) . 
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On the other hand, Eq.(58) multiplied by (ø — £)? plus Eq. (55) multiplied by 
2(207 + 7), and we then simplify the resulting equation to obtain 


(o — £) ((40? — 30€ + Te?) R — 2(40? — 2ge — 2e? + R)(20? + €7)) 


(60) 52 (—(50 + 3e)(o? + £?) + 2R) R(a3)?. 


A direct computation using Eq. (59) and Eq.(60) to simplify the resulting equa- 


tion we get 
((50 + 3e)(40? — 30€ + Te) + 21(40? — 208 — 2e? + R)) 
(61) x ((40? — 30€ + Te?) R + 2(40? + 2c€ — 2e? + R) (20? + €?)) 


= 4(o — £) (—(50 + 3e)(20? + £?) + 2eR)” 


A further computation, one finds that the above equation is a polynomial system 
in o of degree seven with constant coefficients as 


(62) 800° + P(o) = 0, 

where P(o) denotes a polynomial in ø of not more than 6 with constant coef- 
ficients. This implies that ø have to be constant. Using Eq.(58) and Eq.(57), 
we see that both a3 and «Kı are constants. Then a3 = +,/1 — (a3)? has to be a 


constant since a} = 0. From these and using the 1st equation of (39), we obtain 
go = —€, which is a contradiction. 


Summarizing the results proved above, the theorem follows. 
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